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SWM.ARY
Theslender-wing-typeanalysisisusedto obtatigeneralexpres-
sionsforthesurfacepressure,lift,sndrollingmomentforcambered
wingswithswepttrailingedges.Theseresultsarespecializedto give
theadditionallosdingduetothedeflectionoftrailing-edgecontrol
surfacesandtheloadingdueto a particulartypeofwingtwist.In
contrasto flat-platewings,csmberedsurfaces(orwingswithcontrol
surfaces)supportloaddownstreamofthemaximumspanofthewingwhere
. theslopeoftheleadhgedgeisequalto or lessthanzero.Thepres-
suredistributiona dthestreetwiseliftandrolling-momentdistribu-
tionsae discontinuousacrosstheplanenormsltothestreamdirection
* passingthroughthewingmaximumspanunlesstheslopeofthewingleading
edgeis continuousandzeroatthischordwisestation.A numerical
exampleforsn aileroncontrolisincluded.
INTRODUCTION
Theflowfieldaboutconfigurationswhichareslenderinthestresm-
wisedirectionhasbeenshownto assumea two-dtiensionalcharacterin
planesnormaltothestreamvelocity.A basicallythree-dimensionalflow
istherebyapproximatedby solutionsfora two-dimensionalcrossflow,snd
as a consequence,relativelycomplexconfigurationscsmbe analyzedwithin
thisslender-airplanepproximation.Moreover,forconfigurationswith-
outthiclmess,thesolutionsgivethefirst-orderapproximationforthe
flowattransonicspeeds,sndtherestrictionsontheslendernessarenot
sosevereasat subsonicor supersonicspeeds.Theslendernessconcept
hasbeenappliedto theanalysisof a varietyof configurationssincethe
investigationf Jones(ref.1) ontheliftoflow-aspect-ratiow ngs.
Theresultsofmanyofthesestudiesrepresentedinreferences2 and3
togetherwitha discussionoftheunderlyingbasisofthetheory.Most
oftheseinvestigationshavebeenrestrictedtowingswithunsweptrailing
edgessndthereforehavenothadto accountfortheshedvortexsheetin8
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theevaluationoftheforcesendsurfacepressures.Someexceptionsare l
thestudiesofLomaxandHeaslet(ref.4),ofMirels(ref.5),andof
Mangler(ref.6). Theindirectproblemofdeterminingthetrailing-edge
shapeofflat-platewingsfora prescribedspsmloadingistreatedin
.
reference4, andthelift,pitch,androllsolutionsapplicableto fl_at-
platewingswithswepttrailingedges=e treatedinreferences5 and6.
Thepresentstudyisconcernedwiththedevelopmentofgeneralsolu-
tionsfortheflowpastarbitrarilycamberedslenderwingswithswept
trailingedgesandthesubsequentapplicationftheseresultstothe
calculationftheadditionalloadduetothedeflectionof a trailing-
edgecontrolsurface.Theengineer-usefulnessofthesolutionsfor
arbitr=ycsmberdistributionsi somewhatlimitedsincetheeffort
requiredto obtainumericalresultsisnotjustifiedingeneralfor
theslender-wingapproximation;theirprimsryvalueisto showsomeof
thegeneralfeaturesofthelosddistribution.Thecontrol-surfacesolu-
tionsaswellassolutionsfortheloadingduetopuretwist,however,
canbe evaluatedwithoutseriousdifficulty.
Themethodof constructingthesolutionsispresentedin section1
andthegeneralsolutionsforsymmetricandantisymmetricspsmwiseloading
exedevelopedinsections2 and3. Section4 presentstheadditional.load
duetothedeflectionof a flapor aileronaEdeterminedfromthesegen-
eral.equations.Oneexsmpleispresentedto illustratehemethodof
solutionfortheeffectofpuretwistontheloading,andcalculations
me presentedfortheadditionalloadingdueto em aileron.A listof
themoreimportantsyinbolsi givenas appendixA.
1.-EQUATIONSOFSLENDER-WINGTHEORYFORLIFTINGWINGS
Intheslender-wingconcepthesp=wiseextensionofthewingis
consideredsmallcomparedwiththelength,andh theneighborhoodf
thewingtheflowfieldassumesa two-dimensionalcharacterwhichfor
liftingwingsisdeterminedby solutionsofthetwo-dimensionalL place
equationinplanestransversetothestresmdirection.Thesolutions
forliftingwingsareapplicablethroughouttheMachnumberrsngesince
theslendernessapprmimationcausestheMachnumberto vanish.Although
thecharacterofthesolutionsistwo-dimensional,thethree-dimensi!xml.
aspectsof thewingproblementerthroughtheexpsnsionor contraction
of thewinginthetransverseplenesndthroughtheirrotationalitycon-
ditions.TheKuttaconditionisrequiredtorendersolutionsofwing
problemsuniquewhenenrthetrailingedgeisofthesubsonictype,and
intheslender-wingapproximationthisconditionisimposedon allswept
trailhgedges.Thecharacteroftheflowina planenormalto the
stresmdirectiondependsupontheadmissiblebehaviorofthevelocity
at theedgesofthewing. Linearizedtheoryreqpiresthatthevelocity
.
l
.
?
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havea squsre-rootsingularityalongsubsonicleadingedgeswhilethe
velocityisregularalongthetrailingedge(bytheKuttacondition)
andalonga sideedgesincetheloadmut vanishthere.Theserequire-
mentsofltiesrizedwingtheorySMO applyintheslender-wing
approximation.
ThreeregionsreIndicatedIn sketchesA andB whichcharacterize
thefourtype=of solutions
forwingplanformswith
sweptedges.Theedges
Y = *Z(X) smd y=ti(x)
extendfromtheapexand
theintersectionfthe
trailingedgeendrmt
chord,respective~,tothe
msximumstresmwiseextremity
ofthewing. Thewingsemi-
spsnisdenotedby s,the
valueof x attheinter-
sectionofthetrai3dngedge
androotchordisdenoted
by c,and c1 isthevalue
of x atthepositionof
msxi.mmnspan.Theplan
formsshownin sketchesA
andB differinthat c > c1
intheformersnd c < c1
inthelatter,andthesolu-
tionsinregion11differ
forthetwoplanforms.In
regionI theedge Z(x) is
a leadingedgeendtheveloc-
ityissingulsxthere.In
regionIIvorticesareshed
fromtheedge l(x) forthe
wingofsketchA, andfor
thewingof sketchB, vor-
ticessreshedfrcmtheedge
t(x) whilethevelocityis
singularontheleadingedge
2(X). Vorticesareshedfrom
y = z(x)
Y
I
I
x
I I I11111
SketchA
SketchB
edgesinregion111,andby theKutta
condition,thevelocityisregularontheseedges.
Theslender-wingapproximationaffordsa considerablesimplifica-
tionintheanalysisincethegovern5ngdifferentialequationforthe
disturbancev locitypotentialisLaplace’sequationexpressedin coordi-
natesnormalto thestresmdirection.Consequently,withthestreem
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velocityinthedirectionofthex-axis,thesolutioncanbe constructed
l
fromthecomplexvelocityV(x;~)= v(x;y,z)- tw(x;y,z)where ~ = y + iz
isthecomplexviable and x occursonlyasa parsmeterinthevelocity. .
TheqyatltitlesUj v, and w arethedistmbancevelocitiesinthex-j
y-,andz-directions,respectively.
In eachofthethreeregions(sketchesA andB) thesolutioncanbe
reducedto a mixed-boundary-valueproblemconsideredby ChengandRott~
(ref.7)jnamely,theevaluationofa complexfunctionina half-space
whentherealandimaginarypartsareprescribedalternatelyalongseg-
mentsofa line.Withthemesncsmbersurfacedefinedby z = Z(x,y)
andwiththesubscripto usedto denotevalueson z = +0,thereal
andhaginarypartsof V(x;~)on z = +0 ae alternatelygivenin
3ZregionI sinceW.= — onthewingsnd V.
ax is zerooffthewing. In
regionsIIand111,however,therealsmdimaginarypartsof V(x;g)
arenotalternatelyprescribedon z = +0 since vo is notspecified
onthetrailingvortexsheet.Differentiationof V(x;~)withrespect
to x givesa functionwiththedesiredpropertiessince
Vx(x;g) = Vx - iwx
andby theirrotationalityconditions,
Vx(x;g) = Uy - iwx
Thustherealendimagtisrypsrtsof Vx(x;{)=e prescribedalternately
on z = +0 since u
3
vanisheseverywhereoffthewing,becausethe
pressurecoefficientmustvanishthere,and w% isWown onthewing.
Theprescribedvalu5softhevelocitycomponentsandtheirderivatives
onz= +0 togetherwiththerequirementofvmishingvelocityat infini-
ty andthespecificationofthenatureofthevelocityattheedgeswe
sufficientforthedeterminationfthesolutionineachtransverseplane.
SolutionofMixed-13mn@-ValueFroblem
Themethodof solutionofthemixed-boundary-valueproblemforthe
upperhalf-spacepresentedInreference7 isbasedonthewell-known
integralrelation
?
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fordeterminingthecomplexfunctionV(c) froma hmwledgeofthe
imaginaryparton z = +0. ConsiderV. and W. to beprescribed.
alternatelyalongsegmentsof z = +0. If a complexfunctionr(~)
canbe determined,whichisrealonthesegmentswhere W. isprescribed
and~insry onthesegmentswhere V. isprescribed,thentheimaginary
partofthefunctionV(~)/r(~)isknowneverywhereon z = +0 andfrom
equation(1.1),
where I denotestheimaginarypat.
(1.2)
Theintegralterminequation(1.2)doesnotprovidea uniquesolu-
tionsincea functionP(c) whichisrealon z = +0 canbe addedwith-
outalteringtheprescribedconditions.ChengandRott(ref.7)have
shownthat,with W. prescribedonthe N se@nentsrangingfrom bk
to ~k,thefunctionr(~) isoftheform
where mk snd fikarepositiveornegativetitegers.Theorderofthe
admissiblesingularitiesattheedgesdictatesthe.valuesof ~ and ~
fora particularproblem.ThefunctionP(c) isa polynomialin ~,the
degreeofwhichisestablishedbytherequirementthatthevelocityvsmish
at lnftiity.Thesolutlonforthelowerhalf-spaceIsknownby symmetry.
SolutioninRegionI
Theapplicationfequation(1.2)to regionI givestheusualform
oftheslender-wingsolution.llcomtheboundaryconditionson z = +0
inregion1,therealpartof V(x;~) is zerofor y[> Z andthe
imsginsryp=t isprescribedfor Iyl<z. Square-rootsingularities
arepermittedinthevelocityattheedges,andthefunctionr(~) is
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Therequirementofvanishingvelocityat infinitydictates
tkat P(x;~) isatmosta functionof x, andsincethereisnonet
circulationi thecrossflowplane,thisgpantityiszero.I?Yomeqya-
tion(1.2),
(1.3)
ThevelocitycomponentVo(x;y)isgivenby eq-tion(1.3)for
-12yS2 on z= +0 andthevelocitypotentialonthewingisobtained
by integrationas
JY%(X;Y) = Vo(X;~)dq
-2
.
(1.4) l
where ~ isgivenbytheindeftiiteintegralv(x;y)=
J
Wo(X;~)d~
sincea constsntcsnbe addedto v withoutalteringthepotential.
ThefunctionWo(x;y)for y> Z isrequiredtodeterminethe
solutioninregionIIfor c < cl,tidfromequation(1.3),
%here no confusioncanarise,as inequation(1.3),theargument
oi?2 (andalsoofthefunctionst and f introducedsubsequently)is
notexplicitlyindicatedintheremainderofthereport.Theergumentis
eitherx orthestresmwisevariableof integrationg. Theparticular
quantityh questionisclearfromthecontextandisstatedexplicitly
forthefinalequations.
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SolutioninRegionsIIand111
Thesolutioninregion11for C>cl isstructurallysimilarto
thatinregionI andiseasilyevaluated.Thedeterminationfthepres-
sureinregion11for c < c1 aswell&athesolutioninregionIIIis
mostreadilyaccomplishedby consideringsepsratel.ythecasesof symmetric
andem.tisymmetricspanwiseloading.Forthesecases,onlythefunction
Vx(x;~)isevaluatedinthissectionandthepressureisdeterminedin
sections2 and3.
Solutioninregion11 for c> cl.-Thetrailingvortexsheetlies
intheregionIy > Z inregion11 for c > c1 (sketchA). Thequsntity
w% isknownfromtheboundsxydatafor -2Sy S Z end ~ is zero
for Iy\>l. TheKuttaconditionmustbe satisfiedon y = *Z;conse-
quently,thevelocityisregularsad Vx haaa square-rootsinguJaxity
tZ. Thea~ropriatefunction ion r(~) is , , andfromequa-
tion(1.2),
(L6)
ThefunctionP(x;~)isatmosta functionof x, andit canbe
shownreadilythatthisfunctionmustbe zeroto satisfytheKuttacon-
dition.Thequantity’~ isgivenbytherealpartofequation(1.6)
onz= O, endsincew iszerooffthewing,thedisturbancev locity
onthewingisdeterminedby integrationfrom -Z to y as
Interchangingtheorderof integrations dintegratingbypartsgives
thestreetwisedisturbancev locityas
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(1.7) :
where Vx=
J
W% dq. Comparisonofequations(1.4)ud (1.7)shows
that Uo(x;y)inregion11for c > c1 isgivenbythesameintegral
expressionas cpo(x;y)inregionI with v(x;y)replacedby Vx(x;y).
InregionIIfor c > c1 theslopeoftheedge y= Z(x) islessthan
zeroandthisregionofthe~ sup~rtsloadprovidedWox doesnot
vsnisheverywhereinregionII. Fortheflat-platewing, Wox vanishes
andsectionsdownstreamofthemaximumspansupportno load.ThisiS
theresultobtainedby Jones(ref.1).
ThefunctionVx(x;~)inregionIIfor c < cl.-InregionIIfor
c < cl,thetrailingvortexsheetliesbetweenthetwowingpanels
(sketchB). Thequantity~y is zerofor y>l and y[<t, and
Wox isknownonthewing. Square-rootsingularitiesareadmissiblein
thevelocityontheleadingedge;consequently,Vx(x;~)hasa three-
halves-powersingularityherewhilethevelocityisregularon the
trail~ edgean~ Vx(x~~)hasa square-rootsi&ularity.Theappro-
priatefunctionr(~) is
Vx(x;()inregionII for
andfromequation(1.2),
(
~’- ‘2);2F’
C<clis
—
.
wherethecoefficientsinthepolynomialarefunctionsof x.
ThefunctionVx(x;~)inregionIII.-ThesolutioninregionIII
differsfromthatinregion11for C<cl O-iilyinthatthevelocityis
NACATN 42k2 9!Z
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regulmon alledgesintheformer
satisfiedonboth Z and t. The
sincetheKuttaconditionmustbe
functionr(~) thents
fromeqyation(L2),
2.-WINGSWITHSYMMUTRICSPANWISELOAD~G
(1.9)
Thee~ressionsforthepotential-inregionI smdthedisturbmce
velocityU. M region11for c > c1 canbe specializedforeither
symmetricor antisymmetricspanwiseloadingandtheMnesrizedsurface
pressuresareobtainedirectlyfromthesequantities.In regionII
for c < c1 ad inregion111itprovesconvenienttomakeuseofthe
spanwisesymmetryconditionsattheoutsetto evaluatethesurfacepres-
suxes.Thesurfacepressmesforsymmetricspantiseloadingaredeveloped
inthissectionandthoseforsntisymmetricloadingsxepresentedin
section3.
For
pressure
symmetricspsntiseloadiW Wo(x;y)= wo(~;-Y))=d the‘Wface
coefficientinregionI isdetermtiedfromequation(1.4)as
Cp= -aPox=’I”~(x’’)lo~*JzwO‘2”1
12+2
wheretheprimeon 1 denotesthederivativewithrespecto x. In
region11 for c> c1 fromequation(1.7),
/
2
~.-~=: Wox(x;n)log~dq (2*2)
r
~’ - ~2
o 1- —12 - ~2
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Fromtheseequationsthepressureis seento be discontinuousatthe
bounda?yofregionsI andII for c > c1 if Z’(cl)isdifferentfrom
zero.
SolutioninRegion11for cccl
Presmre.-Forsymmetricspanwiseloadingtheintegrationf equa-
tion1(~ be carriedoutovertherightwingpanelto give
Thesymmetryconditionrequiresthatthepolynomialbe anevenfunction
of &j,andforthevelocityto vanishat inffiity,P(x;~)= A + BC2
where A aud B arefunctionsof x. Thequantity~ isgivenby
equation(2.3)for t ~ y ~ t,ad since ~ iszerooffthewing,the
disturbancev locityonthewingfor tsysl is
Uo(x;y)=
fz
‘%qm
andaftersomereduction
UJx;y)= -
d(it’)
[ /7(A+BZ2)E(@,k)-(A+Bt2)F(#jk)+(A+B12)~~ -G(x;y)z L2-y2
—
(2.4)
where F(@,k)and E(@,k)areincompleteelliptictitegralaofthe
.
.
r
firstad secondkind,respectively,sin $=
i
“ -+, themfi~m k
~2- t2
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~2
isgivenby k2= 1 --, end
(2.5)
Thesign
f
denotes
conditionat y = t
thefinitepertof m tite~sl.
givesthestreamwisedisturbance
SatisfyingtheKutta
v locityas
G(x;t) - G(x;y)
where Z(@,k)= E(@,k)
- # F(@,k) istheJacobisnzetafunction.
‘ThefunctionsG(x;y) and G(x;t) areevaluatedinappendix
(2.6)
B.
Thesefunctionscsnbe reducedto a 8i&Le integraltivolv~ elliptic
titegralsandrelatedfunctions.Thec&nbinati&oftheset~ofun_&ions
whichoccursinequation(2.6)canbe expressedh termsof thequantity
inbracketsm equation(2.6)snda thetafunction.Withtheuseof
equation(B4)thepressurecoefficientinregionII for c < c1 then
becomes
(2.7)
wheretheunknownqusntityS(x) whichisrelatedto A and B by
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is introducedto faci~itatetheanalysis.ThefunctionO(x;y,q)is
expressedh termsof en infiniteseriesby equation(B3).Equation(2.7)
isequivalentto thatobtainedforthepressurecoefficientfortheflat-
platewinginreference5 withtheadditionofthetitegralinvolving
Q(x;y,n)andtheintegralinthedefinitionof S(x).
Integralequationfor S(x).-TheKuttaconditiongivesonerelation
betweenA and B andan additionalrelationisrequiredto evaluate
thesefunctions,or equivalently,thefunctions(x). Sincethesolution
hasbeenconstructedfrom Wox whereasthesurfaceboundaryconditionis
intermsof Wo,thesecondrelationisthatthesolutionmustgivethe
prescribedW. onthewing. ThefunctionS(x) isdeterminedby a
proceduressentiall.ytheseineasthatusedbyMirels(ref.5). First,
Wo onthewingisexpressedas
l
1’xWo(x;y) = W@;y) d~
-co
whereit isessentialthat y be greaterthan Z(c) forthepathof
integration,sincefor y < 2(c),therelationisan identityandgives
no conditionon S(x). Separating_theintegrationi tothethreeparts
-m to c, C to Z-l(Y), and Z-l-(y)to x givestheequation
f
Z-l(Y)
Wo(z-qy);y)- Wo(c;y)= WOg(~;Y) U
c
(2.8)
where wo(@(Y);Y) ‘istheprescribedvalueof W. alongtheleading
edgeand Wo(c;y)isthevalueofthedownwashoffthewinginregion
andisgivenbyequation(1.5)with x = c.
I
Equation(2.8)providesan integraleqyationforthedetermination
of S(x) butinvolvesboththeunknownfunctionS(x) and dS/dx;the
functiondS/dx arisesinthecourseofevaluatingthefinitepartof
.
r
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theintegral.An equationintermsof S(x) onlyisobtainedby inte-
gratingequation(2.8)from y = Z(c) to y = Z(x). Then,
~~:) [wo~-l(y);Y)‘wo(c;Y~ dy=~xdk~’(x) w.,(~;y)W (2.9)
wheretheorderof integrationfthedoubleintegralhasbeeninter-
changed.Theregionof
integrationftheright-
handmemberof eqpa-
tion(2.9)iS shown
shadedin sketchC.
Theexpressionfor
WoE appearinginthe
integralof equation(2.9)
isobtatiedfromeqyua-
tion(2.3)fOr Y> 2.
SatisfyingtheKuttacon-
ditionfromequation(2.h)
givesa relationbetween
thefunctionsA and B,
andthepolynomialcanbe
expressedintheform
Y= 2(x)
Y
c
SketchC
P(x;g)
where
second
1
K smd E we thecompletellipticintegralsotthefirstand
ktid,respectively,withmodulusk. Then,whentheintegration
isperformed,theinnerfitegralinequation(2.9)becomes
f
z(x)
F(eA’) ~(k;t) +
-+
A + B12 r%(e,k) k% z(x)
wok* =dk;w) +y -—1 4,2. ~2)2 K + 1J-g-i‘2”’0
14
where&( El,k) isHeuman’s
complementarymodulus,smd
NACATN 4242
lambdafunction(ref.10), k* isthe
.
sine=
“izq~) - 2222(X)- tz
ThefunctionG(x;t)isgivenby equation(2.5)with y= t and
ThefunctionsG(6;t)and g(~;
(2.11)
Z(x))areevaluatedinappendixB.
Thesefictionscanbereducedto a singleintegralwiththeintegrand
expressedimtermsofellipticintegralsandrelatedfunctions.The
combinationfthetwotermswhicharisesinequation(2.10)cambe
expressedintermsofthequantityinbracketstnequation(2.10),a
thetafunction,endellipticintegrals.Fromequations(2.10)and(B@,
f
l(x)
wog(~;Y)W= H(E;Z(X))- s(~)z’(E)
z
(2.12)
where
[
z
H(~;Z(x))=
[
F(f3,k’)F(u,k)
1
N5;7) ~qWog(g;q) -— (2.13)
t K’K K’
Inequation(2.13),K’ isthecompletellipticintegralofthefirst
r
12 - ?2 l?hekindwiththecomplementarymodulusk’ andsinu= —.22 - t2
.
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functionr(~;~)isevaluatedfromtheseries
Fromequations(2.9)and(2.12)thefinal
equationfor S(x) is
15
givenby equation(Ei9).
formoftheintegral
wheretheleft-handmemberis
z(x)
M(x)=
1[
Wo(c;y)-
z(c)
wo(2-l(y);yjw+~xH(,;z(x))d, (2.15)
ThequantityWo(c;y)isgivenby equation(1.5)with x = c,and
. +-l(Y);Y)istheprescribedvalueof W. slongtheleadingedge. .
In eqmtions(2.13)and(2.14)1, t, and k arefunctionsof the
variableof integration~ wheretheszgumentisnotexplicitlyindi-4 cated.Thekernelofequation(2.14)isequivalentto thatgivenby
Mirelsfortheflat-plate~ at angleof attacka. Fortheflat
plate,w% vsnishes;hence,thefunctionH(~;l(x))andtheintegral
inequation(2.5)arezeroand M(x)
‘“V*
Equations(2.7)and(2.14)togetherdeterminethepressurein
regionIIfor c < cl. Equation(2.14)canbe invertedbynumerical
methodsto obtainS(E) by a methodsimilsrto thatofreference5.
(SeeappendixC.) TheJacobianzetafunction=d theHeumsm.lsmbda
functionsxetabulatedfumctions(refs.8,9, and10,forexsmple).The
functionsn(x;y,~)and I’(5;v)whichsriseintheequationsforthe
pressurecoefficientaud M(x),respectively,aredeterminedfroman
infiniteseries.Theseseriesconvergerapidly,however,andtheevalua-
tionof Q(x;y,?)and r(~;q)offersno seriousdifficulty.
Calculationfthepress~efor x nesx c.-Theintegralequa-
tion(2.lk)endtheexpressionforthepressurecoefficient(eq.(2.7))
canbe approximatedto givea somewhatsimplifiedaswellasuseful
solutionfor
gralequation
. obtainedina
x nesr c. Inthisneighborhood,thekerneloftheinte-
canbe approximatedsndtheinversionfor S(x) csnbe
closedform.Theintegralequationisapproximatedby
NACATN 4242
J’xM(x)= c &-+-w%iJd,
whichisequivalenttothatgiveninreference~. TheInnerintegraLis
thelogarithmicntegral(tabulatedinref.11,forexample)and
dt
Y =— I Thequantity in bracketsisindependentof x, endthedlx=c”
inversionofthisintegra3equationoftheAbeltypeis
r k’ 1
.
—
S(X)2(X)2’(X)1=pid 2(X)2’(X)J J’r dp +2 d x M(E)2Z’d~7 0 log~ fidxc A22(X)- 22
, where k and k’ srefunctions
tion H(~;Z(x))for x new c
(2.16)
ofx. Fromequation(Bll)thefunc-
ie ..—
ThefunctionSl(x;y,v)whicharises
isapproximatedbythefirsttermof
fl(x;~)= : log
rl(x;q)= ; log
sin(u+ T)
Sin(u- T)
intheevaluationofthepressure
theseriesrepresentationas
(x near c) 1
(2.18)
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.
where
a x F(m)k)=.— ~ F(@,k)T=——
2K 2K
It csnbe shownthat S(c) dependsonthecamberdistributionat
X=c throughtherelation
J2(C)Wo(C; ~)d-~s(c) = - : 0 @GR7
sndsince z(@,l)
= *V9 Com=ison ‘f‘qwti”ns‘201)
snd(2.7)showsthatthepressuxeis continuousacrosstheboundaryof
regions-Iand11 for c <-cl if Z’(c) is continuous.
.
a
Forsymmetric
Solutionti
spanwiselosding
r
Theconditionof
at infinitydetermine
mm QlsntityUoy is
integrationgives
symmetrysmd
P(x;{)= A
givenby the
ml
Region111
equation(1.9)canbe writtenas
2
Jt
‘Wox(x;’)- -1
(2.19)
therequirementof vanishingvelocity
where A isa functionof x only.
reelpsrtof equation(2.19),and
.
*
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SatisfyingtheKuttaconditionat y = t determinesA. Interchanging .
theorderof integrationa dintegratinggivesthepressurecoefficient
inregionIII
.
J’2Cp..$ nVOX(W) ;:-t2 (]F(e,k)~:,m2,k q d?(El,c&,k)-yt - n2
I42=- Wox(X;l@(X;y,~) d~Yc t (2.20)
where il(e,a2,k)istheellipticintegralofthethirdkindwiththe
~2 - ~2
parsmeter~2= . thelastformofequation(2.20)foU.owsfrom
22- ~2’
thesubstitutionfequations(B2)fortheellipticintegrals.mom
equation(2.20)thepressurecoefficientinregionIIIis zeroonlyif
Wox iszero.Comparisonofequation(2.20)withequations(2.1)
end(2.7)showsthatthepressureacross the boundaryofregionsII
andIIIisdiscontinuousfor c < c1 if Z’(cl)# O andiscontinuous
for c > cl. Thus,foreither c > c1 or c < Cl, the surfacepress~e
isdlsconttiuousacrosstheplanenormalto thestreamdirectionwhich
passesthroughthewingmaximumspanunlesst’ iscontinuousandzero
at x = cl. Further,thesurfacepressureis continuousacrosstheplane
passingthroughtherootchordif l’(c) is continuous.
Lift
Theliftcanbedeterminedfromtheasymptoticformof V(xjo.
Fora wing,thefunctionV(x;~)forlargevaluesof ~ isoftheform
V(x;g) = - I~~-(m+u (2.21)
m=l
-—
.
I?Yomreference5 or12theliftcarriedbythewingupstreamof x is
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L = I(k~al)
where ~ isthestreamdynsmicpressure.
Thecoefficiental h regionI isdeterminedfromequation(1.3);
thus L becomes
J
2
L= -4%
-2
Inregion11for C>cl
equation(1.6),smd ~/dx is
dL
J
2
—= -4%d’
-z
Similarly,thefunctiondL/dx
fromequation(2.3)as
thefunctiondalldxisobtainedfrom
thendeterminedas
dW%(X;T))22- Ifaq (2.23)
inregionII for c < c1 isdetermined
Fromequation(2.19),dL/dx inregionIIIis
-qzt
andthetotalliftisobtainedby
w%(x;q)Z(m,k)
integration.
-1
dq (2.25)
Theliftsupportedby thepsrtofthewinginregionI isdependent
onlyupon Wo(c;y)(or Wo(cl;y)for c > cl). InregionsII S.ndIII)
however,thecontributionto theliftdependsuponthecamberdistribution
throughouttheseregions.
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W@s WithTwist
Theslender-wingsolutions assume theirsimplestformfortheflat
plateandforwingswithtwistbutno camber.Fortheseconditionsthe
wingsupportsloadonlywhere 2’>0. Theflat-platesolutionhasbeen
giveninreferences5 and6,audthesolutionfortwistproportionalto
y2 isdevelopedhereto illustrateheuseoftheequations.
Let Wo(x;y)= ~ y2 ~he~~ a isa constant.Thenfromequa-
22(C)
tion(2.1),thesurfacepressurecoefficientfor x ~ c is
Cp=
-@ox =
andfromequation(2.22)thelift
of x inregionI is
carriedby thepartofthewingupstream
TheloadingiszeroinregionsIIandIIIexceptforregionIIwith
c < cl. ThesolutioninregionIIwith c < c1 requirestheevaluation
ofthefunctionS(x). Onlytheterms Wo(c;y) (and W. Z-l(y);y)con-
tributeto theleft-handmemberoftheintegralequationfor S(x); from
equation(lop),
Wo(c;y)= [2’2J=“3- y22(c)- 1‘2f-=
~d .o(@YhY) = - Y2. Thenfromequation(2.15),theleft-hand
memberoftheintegralequationis
aM(x)= - — [222+ 22(c)]$-
632(c) .
u
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Theinversionofequation(2.14)for x nesr c isgivenby equa-
tion(2.16)as
(2.26)
and S(c)= - : IYomequation(2.7)thesurfacepressurecoefficient
for c<x <cl is
andatx=c,
Fromequation(2.23)theHft perunitlengthfor c < x < c1 is
dL ()—=J-lw#(x)zz’1-:dx
sndat X=cy
dL
— = 2rt~a2Z‘dx
Comparisonwiththeexpressionsfortheliftandthepressurecoef-
ficientinregionI showsthat dL/&x snd ~ arecontinuousacross
thebountiyofregionsI andII if Z‘ iscontinuousat x = c.
.
.
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ThefunctionS(x)/acomputedfromequation(2.26)is comparedin
figure1 withthatcalculatedbythenumericalmethodgiveninappendix
fora ~ withstraightedges(Z = mzx end t . R%(x.c)) for 7 = 1,
2,snd3. Theintervalforthenumericalmethodwastakenas0.05,and
Simpson’srulewasusedto evaluatetheintegrals.Theresultshow
thattheapproximateinversionprovidesa verysatisfactorysolution
evenwhen k differsappreciablyfromunity.
3.-WINGSWITHANTISYMIIITRIC
ThepressuresinregionI sndregion
SPANWISELOADING
IIfor c > c1 forantisym-
metricspanwiseloadingfollowdirectlyfromequations(1.4)snd(1.7).
ThepressureinregionIIfor c C c1 sndthepressureh regionIII
csmbedeterminedina mannersimilarto thd forthecaseof symmetric
loading.
Forantisymmetricspanwise
surfacepressurecoefficientin
as
c
l
.
loading,Wo(x;y)= -Wo(x;-y)andthe
regionI isdeterminedfromequation(1.4)
.
InregionIIfor c > c1 fromequation(1.7),
(3.1)
z
%= -2U0= ;
/
W%(x;q)log
o
dq
Thusthepressureisdiscontinuousat x = cl,theboundary
and11for c > cl,if Z’(cl)isdifferentfromzero.
(3.2)
ofregionsI
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.
tion
.
s
SolutioninRegion11 for c < c1
PressureinregionII.- Forantisymmetricspanwiseloading,equa-
71.6)becomes
Thesyxmnetryconditionrequiresthatthepolynomialbe
of ~,andsincethevelocitymustvanishat infinity,
wherethecoefficientsA and B srefunctionsof x
(3*3)
an oddfunction
P(x;<)= A~ + B~3
only. Thequsn-
tity ~ isgivenby therealpsrtofequation(3.3),snd-since~
is zerooffthewing,thedisturbancev locityontherightwingpanel
is
Llo(x;y)= $Y ~,,(x;,)*
J“f(“-+%=‘2w%,x;,l(z’-q’)~p--&
Wttha interchangeoftheorderof integrationa dafterintegration
on y, it canbe seenthattheKuttaconditionrequiresthat B equsl
zero.Thelinearizedexpressionforthepressurecoefficientonthe
rightwingpsnelthenbecomes
.
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andisofthe
isrelatedto
oppositesignontheleftpanel.ThefunctionQ(x),which
.
thecoefficientA by
r[J’ LQ(x)2Z’ = 1- A+2
(
Wox(x;q)
~d~l
x2’- t’) t
isintroducedforconvenience.
Ihtewal-equationfor Q(x).-ThefunctionQ(x) can
froman integralrelationina mannersimilartothatused
s(x). Theprocedureisto integrateWox overtheshaded
J
.
.
.bedetermined
to evaluate
regionIn l
sketchC. Thentheintegralrelationis
(3.5)
where
wo(’-l@ istheprescribedvalueof W. ontheleadingedge
and Wo(C;y)isgivenby equation(1.7)with x= c. SubstitutingW.
E
fromequation(3.3)intoequation(3.5)endintegratingon y givesthe
integralequationfor Q(x)
JxN(x)= Q(E.)2Z1 rl’(x) -t2dEc Z2(X)- 22 (3.6)
4Z
.
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wheretheleft-handmemberis
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.
z(x)
N(X)=Jl Wo(c;y)z(c) .wo~,-l,y);y)]dy+ Lx h,,;,(x))d, (3s7)
isgivenby equation(1.5)with x = c,
~1:~~~ ~(::)~rescribed~u~of wo &Lo~ thele&iingedge,
smd
h(~;Z(x))= -:
~’””~(’;’)t”-’mdq “-8)
.
.
.
Inequations(3.4),(3.6),snd(3.8)theargumentof Z and t i. ~
exceptwhereindicatedexplicitly.
Mirels’solutionoftheflat-plateroUingwingisa particulsx
exsmpleoftheseequations.Fortherollingwing W.= -~y, where ~
istheangulsrvelocity,andsince W. is independentof x, thefunc-
tion h(E;Z(x))vanishesand
Thenumericalsolutionof
themethodof
appendixC.)
beneglected,
Thefunction
reference3 once
For x nesr c,
andthesolution
N(x) becomes
%’-*
equation(3.6)isreadilydeterminedby
thefunctionN(x) is evaluated.(See
t issmallcomparedwith
isgivenin closedformas
Q(x)Z(X)Z’(X)= : -&Jx Ii(Fj)Z’d~
cm
Q(c) canbe showntodependuponthecamber
Lit X=c throughtherelation
Q(c)= - 2
fiza(c)
‘z(c) ‘w
z SJldcsn
distribution
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SolutioninRegion.111
Forentisymmetricspanwiseloading,equation
as
(1.9)canbewritten
(3.10)
wherethepolynomialisatmost AC fromthesymmetryconditionsand
therequirementofvanishingvelocityat infinity.For t ~y s Z on
z = +0,equation(3.10)gives~y, and ~ ontherightwingpanelis
obtainedby integrationfrom Ztoyas
Uo(x;y)= - ; ~’*JLwox(x;v)m);,2 -
l
where A isdeterminedas zeroby theKuttaconditionat y = t. With
theuseofthelinearizedpressurerelationandafteran interchangeof
theorderof integrationthepressurecoefficientfor t S y s Z beccines
[1 \, <
1
Cp=: 1’wov(x;~)log-., (,..,
Jt ‘-m
ontheleftpanel.Comparisonofequation(3.11)andisof oppositesign
withequations(3.1)and(3.4)shows-thatthepressureacrosstheboundsry
ofregions11and111isdiscontinuousfor C<c ~ if z’(c~)+0 and
iscontinuousfor c > cl.
w
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Thedistinguishingfeatureof slenderwingswithcamberedsurfaces
as comparedwithflat-platewings,foreitherspanwisesymmetricor snti-
. symmetricloading,isthatcamberedsurfacescarryloaddownstreamof
thepositionof&imum span.
planewhichpassesthroughthe
andzeroat x = cl. =her,
throughtherootchordunless
Thepressureisdi~continuousacrossthe
wingmexb spsnunless t’ is conttiuous
thepressureis continuousacrosstheplsne
t’(c) isdiscontinuous.
Roll@ Moment
Themomentaboutthex-axisdueto antisymmetricspsnwiseloading
csnbe evaluatedina mannerstiilarto thatforthelift(ref.5). With
theasymptoticformofthecomplexvelocitygivenby
V(x;g) = - I ~c-(m+l)ma
. themoment~ aboutthex-axisis
9
Thecontributionto
upstreemof station
Mx
tiregionIIfor c
asymptoticform
the
x,
momenth regionI forthepsrtofthewing
withtheuseofequation(1.3),is
> cl,thequantityda2/dx
of equation(L6);then,
(3.12)T d?
isdetermhedfromthe
(3.13)
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and@ regionIIfor c < cl, 4 d. isevaluatedfromequation(3.3)
(3.14)
Similarly,inregionIII
(3.15)
Thecontributiontotherollingmomentforthe wholeofregionI depends
onlyupon Wo(c;y)(or Wo(cl;y)for c > cl),whereasthecontribu-
tionto themomentinregions11 and111dependsuponthedistribution
of camberthroughouttheseregions.
k.-CONTROL-SURFACESOLUTIONS
Theevaluationofthepressureforcamberedsurfacesinvolvescon-
siderablecalculationsince,ingeneral,thevariousintegralsmustbe
evaluatedbynumericalmethods.Theadditionalloadduetothedeflec-
tionof a controlsurface,however,isresililydeterminedfromthegen-
eralequationsincemanyoftheintegralscanbe evaluatedanalytically.
Asidefromtheoverallslendernessconditionsrequiredforthewing,the
controlsurfaceshouldalsosatisfythesameconditions.Solutionsare
givenforbothsymnetricsndantisymmetricspanwiseloadingandme
denotedasflapsandailerons,respectively.Theseexpressionsapply
—
.
.
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to trailing-edgecontrolsurfaceswithsideedgessuchasthoseshownin
sketchesD andE; similsx
expressionsfortipcon-
trolsc~ be obtainedby
thessmemethod.
Thelesdingedgeof
thecontrolisdefinedby
Y= f(x)
‘mfk - ‘f)”
Ontherightwingpanel,
f’> 0 forthecontrols
of sketchD ad f’< 0
forthecontrolsof
sketchE. Thecoordi-
natesoftheupstresmand
Z:::e:?:xy;y%ld
(x2,y2”,,respecti=ly,
&d thecontrol-surface
deflectionis bc sndis
positivefora downward
deflection.
Theadditional.load
duetothedeflectionof a
controlsurfaceisobtained
fromthegeneralequations
forcsmberedsurfacesby
settingw.= O onthe
wingand Wo= -Gc onthe
SketchD
Y
x
SketchE
controlsurface.ThequsntityW% is zeroeverywhereexceptonthe
edge y = f(x) where wo isdiscontinuous.h eachoftheintegrals
whichcontainw% as a factor,thequantityWox isinterpretedas
thecomponentofa Diracdeltafunction,sndallsuchintegralssreof
theform
JWox(X;~)F(X;q)dq= -bcf’lF(x;f)
wherethetitegrationacrosstheboundsxyy = f is in the positive
y-direction;thevalueoftheintegraliszeroiftheintegrationdoes
notextendacrosstheedge y = f. Theexpressionsforthelosilingapply
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to theconfigurationsofbothsketchesD andE,withthe(+)sign .
applicablefor f’> 0 (sketchD) andthe(-)signapplicablefor
f’<O (sketchE). Theequationsforthelosdingaredirectlyappli-
cablefor xl inregionI and x2 inregionIII. Theadditionalloading
.
is zeroupstreamof xl foranylocationof xl,sadthesolutionsfor
x > x2,regardlessofthelocationof x2,areobtainedfromtheequa-
tionspresentedbyreplacingf by y2 sndsettingf’= O.
Flaps
RegionI.-Thepressureiszero
thewing,ad fromequation(2.1),
upstreamof xl sincew.= O on
cp=-
r -. 1
-1‘25C f, logx )Y1-i-
Fromequation(2.22),theliftingforcein
L=
andthe
C<cl
[
*4QCf F=- +7+
totalliftinregionI isobtained
and x = c1 where c > cl.
.-l
regionI is
( )]
~2~ti-lf- sin-l:
by settingx = c where
Region11, c > cl.-Fromequation(2.2),thepressurecoefficient
inregionIIfor -C>cl is
log
..—
.
.
..
.
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Theliftperunitlengthisevaluatedfrom
31
equation(2.23)as
endthetotalliftinthisregionisfoundby integrationfrom c1 to c.
RegionII, c < cl.- The
givenby equation(2.7)as
%= [
-=(x)Z1 Z(@,k)
L
wherethefunctionSl(x;y,f)
by f.
pressurecoefficientfor c ~x ~ c1 is
isdefinedin
46C
I-y f’Q(x;y,f)
appendixB with q replaced
, ThefupctionS(x) isevaluatedfromequation(2.14).Thequantity
wo(Z-l(y);y)iszeroandtheleft-handmemberoftheintegralequa-
tion(2.15)”isevaluatedas
+-+’ * -Al@*]-
where H(6;Z(X))isdeterminedfromequation(2.13)as
H(~;Z(x))= ‘bcf’(~)
1[
F(e,k’)F(~,k)_r(5;f)
K’K K’ 1
sndthefunctionI’(~;f)isgiveninappendixB with q replacedby f.
If x2 liesinregion11,theupperlimitintheintegralin ecjpa-
tion(4.1)is x2 for x>x2.
(4.1)
32
TheIesdingtermsinthefunctionM(x) are
whereasthecontribution
andfor x near c,
fromtheintegraltermis
25C
M(x)-~ —
[
]rsti-l?g. -sin-l~ 22- 22(.)X
(Theterm O 22- Z2(c))3/2contributesto ds/dx
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0(22- z2(c))l@
O(Z2- 22(c))3/2,
( 12(C))3/2+oz2-
butnotto S(x)
X=c. Higherordertermscanberetainedb theapproximationto M&
4
.
to improvetherepresentationof S(x).An alternateprocedurewhich
facilitatesthecalculationsi to computethefunctionM(x) frcm
equation(4.1)andthenrepresentitintheform
i-{ [
28C 2 2M(x)= ~ ~]+~~wc)rj-z(c) * sin-l -- sin-l ‘1
.
(4.2)
.
WiththisrepresentationthefunctionS(x) isevaluatedfromequa-
tion(2.16)intheneighborhoodf x = c as
1
n
I 1)
m % (2n+ l)!;?. 22(C)
?3=1~ (n!)2 . Z2(c)
sndat x=c,
25C
[
-1f(c) Sh-l Y1s(c)=*Tsin —-
Z(c) 2(C)1
(4.3)
.
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Thefunction
regionswhere
Thelift
1S(x) canbe evaluatedby
thisapproxim&tionisnot
themethodof appendixC in
suitable.
perunitlengthisdeterminedfromequation(2.24)as
where Sine=
isobtainedby
i
~2 - f2
—, andthetotalliftinregion11 for c < c1
12- t2
integrationfrom c to cl.
RegionIII.-
isevaluatedfrom
ThepressurecoefficientinregionIIIfor x < x2
equation(2.20)as
%=-*I f’fl(x;y,f)
andis zerofor x > x2. Theliftperunitlengthisobtainedfrom
equation(2.25)as
with q replacedby f inthedefinitionof o, sadthetotallift
overregion111isobtainedby titegrationfrom c1 or c,whichever
islarger,to x2.
Fromtheforegoingequationsadthemodificationsfor x > X2,it
canbe seenthattheadditionallosdingdueto thedeflectionof a flap
isdifferentfromzeroonlyfor X1<X<X2 or cl,whicheverislarger,
regardlessofthelocationof xl and X2. Further,thepressureand
liftdistributionssrediscontinuousat xl and x2 andat c1 for
X2>C1 if Z’(cl)+0.
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Ailerons
Theequationsfortheadditionalloadingdueto the
an aileronaredevelopedinthesamemannerasthosefor
deflectionof
theflapexcept
thatthebasiceqmtionsarethoseforantisymmetricspanwiseloading.
Thesolutionsfortheaileronme somewhatsimpler,however,sincethey
involveonlyelementaryfunctions.Theequationspresentedapplydirectly
to theconfigurationsof sketchesD andE with xl inregionI and x2
inregion111. Theadditionalloadhgiszeroupstresmof xl forsny
locationof xl,andthesolutionsfor x> x2 foranylocationof x2
sreobtainedfromtheeqwtionspresentedby replacingf by y2 and
settiugf’= O.
RegionI.-Thepressurecoefficientiszeroupstreamof xl,-
for x > xl,thepressurecoefficientontherightwingpanelisevalu-
atedfromequation(3.1)as
[
2F5C,f,,logl+$~z ,cp=-—
z
1
.,{% M=--)
Fromequation(3.12),therollingmomentis
of
c>
thetotalmomentfromregionI isobtainedby settingtheargument
2 and f equaltothesmallerof c or cl.
RegionII, c > cl.-Thepressurecoefficientinregion11for
c1 ontherightpanelisevaluatedfromequation(3.4)as
35
Fkomequation(3.13),therollingmomentperunitlengthis
dM~
—= 4q#clf‘If~22 - f2dx
endthetotalcontribution
x from c1 to c.
tothemomentisobtainedby integration
RegionII, c < cl.-l?romequation(3.4),thepressurecoefficient
/
(22 )- f2(Y2 - t2)
(22 - Y2)(f2 - t2)
where Q(x) isdeterminedfromtheintegralecjpation
‘ity ‘@@ is zero,andfromequation(3.7),
memberoftheintegraleq..tionis
(3.6). !lhequan-
theleft-hand
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.
where h(~;t(x)) isevaluatedfromeqution(3.8)as
h(~;Z(x))=
“f’’t”-’m
If X2 liesinregion11for c < cl,theupperlimitinequation(4.4) “
is x2 for x > x2. Thedominantermsinequation(4.4)are
l
( )lfz~~2- Z2(C) for x nesr c
integralis )i0(22- 22(C)32; only
contributeo Q(c) butthehigher
atx=c.
andthecontributionfromthe
(thetermsof O 22- 12(c))1’2
ordertermscontributeo dQ/dx
ThefunctionQ(x) for x near c isconvenientlyevaluatedby
comput@ N(x) fromeq..tion(4.4)andthenrepresentingi.inthe
form
.
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.
Thequantityinbracesis
expandingequation(4.4).
(theterm O 22
.’Fromequation
1/2
- 22(C)) obtainedby
(3.9)then,
and
[ 1)
n
2 22-22(C)
z(c) 22(C)
26=Q(c)2(c)= +
m
1-
)
(4.6)
ThefunctionQ(x) csnbe evaluatedby themeth~ of aPPen~ C fi
regionswheree~uation(4.6)doesnotprovidea suitableapproximation.
Themomentperunitlengthisevaluatedfromequation(3.14)as
sndintegration x frm c to c1 givesthecontributionto the
momentfromthepartofthewinginregionII.
RegionIII.-Fromequation(3.11)jthepressurecoefficientin
region111for t 5Y s Z is
.
.
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2&~ ,
— f’log
m ‘-m
andis zerofor x> x2. Evaluatingtheintegralinequation(3.15)
givestherollingmomentperunitlengthas
~= 4q#c\f’1~~
andthemomentfromthepartof
grationon x from c or cl,
thewinginregionIIIisfoundby inte-
whicheverislarger,to X.2l
As inthecaseoftheloadingdue to a flap,theadditionalloading
duetothedeflectionofanaileronisdifferentfromzeroonlyfor
X1<X<X2 or cl,whicheverislarger,regardlessofthelocationof
xl. Shnilarly,thepressureandliftdistributionsarediscontinuous
at xl and x2 andat c1 for x2> c1 if
Exsmple.- Calculationshavebeenmadefor
tionwithanaileron
showninsketchF. The
leadingandtrailing
edgesoftherightwing
panelaredefinedby
2 = mzx snd
t = q-(x- c),respec-
tively,sndtherelevant
constantsare
ml= 0.5 mt= 1.5
9 =1 cl/c= 1.2
*
.
2’(c~)#o.
theswept-wingconflgura-
X
XJC=0.9 ‘-X2/C = L25
xf/c= 0.75 s/c= 0.6
yJc = F0.15 yJc= 0“5
&etchF
.
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QZZ‘Thequsntity— calculatedby thenumericalmethodof appendixC
k
is compsndinfigure2 withthatcalculatedfromequation(4.6)with
m= 3. An intervalof0.02wasusedh thenumericalmethod.Thecoef-
ficientswereevaluatedsothateqmtion(4.5)gavethecorrectvalueof
N(x) at x = 1.02,1.06,snd1.20.Theresultshowthattheapproxi-
mateequationfor Q(x) providesa verysatisfactorysolutionevenwhen
t/Z isnotsmallcomparedtounfty.Forexample,at x/c= 1.14,the
valueof t/Z is0.37andtheerrorisapproximately5 percent.lh
figure3 therolling-momentdistributionisshownas a functionof Xjc.
Themomentdistributioniszerofor x/c<0.90 and x/c> 1.25;these
valuescorrespondto thedownstreamsndupstreamextremitiesofthe
aileronleadingedge. Further,themomentdistributionisdiscontinuous
attheboundaryofregionsII audIII. Thechordwisepiessuredistri-
butionsfor ~= 0.2,0.6,and1.1 areshowninfigure4.2(C)
LangleyAeronauticalkbcn?atory,
J!?ationalAdvisoryConmd.tteeforAeronautics,
LsmgleyField,Va.,Jsnzary31,1958.
.
.
.
.
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APPENDIXA
SYMBOIS .
c
s
X,y,z
(=y+iz
z(x)
2’(x)+$
l-l(Y)
f(x)
f’(x)=*
t(x)
7 .~ Idlx.=
(X1$YI)
(x2~y2)
8=
U,v,w
wingrootchord
distancefromapextopositionofmaximumspanofwing
wingsemispan
Cartesiancoordinates(x is inthestresmdirection)
dunmyvariablesofintegration
spanwiseordinateofwingleadingedge
chordwiseordinateofwingleadingedge
spanwiseordinateof control-surfaceleading
f(x)= %?(X- %)
spanwiseordinateofwingtrailingedge
edge,
.
--
upstreamcoordinatesofcontrol-surfaceleading-edgecorner
downstreamcoordinatesof control-surfaceleading-edgecorner
—.
control-surfacedeflection
nondimensionaldisturbancev locitiesinx-,y-,
andz-directions,respectively
disturbancev locitvmotential
.
*.
.
.
z.
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v=JWO(X;Y)W
V(x;g)=V - iw
.
L
Mx
%
P(x;~)
A,B
%
%
G(x;y)
g(E;z(x)}
H(~;Z(x))
h(~;Z(x))
S(xj
M(x)
Q(x)
N(x)
K,E
K’,E’
lift
momentaboutx-axis
pressurecoefficientonthewing
polynomialin ~
coefficientsofpolynomial
streamdynmicpressure
definedbyeqmtion (2.21)
definedbyequation(2.5)
definedby equation(2.11)
definedby equation(2.13)
definedbyequation(3.8)
evaluatedfrcm.equation(2.14)
definedbyeqmtion(2.15)
evaluatedfrcmequation(3.6)
definedby equation(3.7)
caqleteellipticintegralsoffirstandsecondkind,
respectively,withmodulusk
completellipticintegralsoffirstandsecondkind,
respectively,withmodulusk’
F(6,k),E(e,k)incompleteelMpticintegralsoffirstandsecondkind,
respectively
lI(e,a.2,k)ellipticintegralofthirdkind
Z(@,k) Jacobianzetafunction
.
.
42
Ao(e,k) Heuman’slambdafunction
.rt2k= l-—~2
k’=t7
CL’2=1-CL2
u . sj.n-l *
NACATN 4242
.
.
.
.
I. imaginarypart
‘(xjY)7) definedby equations(B3)
r(~;d definedbyequation(B9)
NACATN 4242
~’ = e-a’
Subscripts:
o
x
Y
valueson z . +0
partialderivativewithrespecto x
partialderivativewithrespecto y
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APPENDIXB
.
.
EVALUAIIYONOF G(x;Y),g(~;z(x)),~ RELATEDFUNCIEIONS
Thesolutionsfortheslenderwingwithsymmetricspanwiseloading
involvellipticintegralsofthethirdkindinregionIIfor c < c1
andinregionIII. Theseintegralswhichariseintheevaluationof
thefunctionsG(x;Y)and g(~;l(x))andintheexpressionforthe
pressureinregion111arereducedto a formsuitabkforcanputation
by theirrelationto thetafunctions.!I%efunctions$l(x;y,q)and
I’(~;q),whicharelogarithmsofthetafunctions,arereadilyevaluated
in seriesform. Theserelations,aswellasthereductiond the
ellipticintegralswhichariseinthesolutionforsymmetricspanwise
loading,aregiveninreference8,forexample.
Thel%nctionsRelatedto thePressure
Withaminterchazwzeoftheorderofintegrationa dwiththeuseof
partialfractions,the-functionG(x;Y)give~byequation”(2.5)canbe
evaluatedas
where F(@,k), E(@,k),and lI(@,a2,k) exeellipticintegralsofthe
first,second,andthirdkind,respectively,and
.
.
For y = t, theargument# is ~, d theellipticintegralsare
Ccalplete.
.
.
..
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ThiselJ.ipticntegralofthethirdkindin
evaluatedintermsoftheJacobianzetafunction
For l<a2 <~,
where
.
.
.
45
equation(Bl)canbe
snda thetafunction.
/—[ 1lI(@,a2,k)= - ~ ~ F($$,k)Z(u,k)- ~(X;T)l’1qa-ta
r-122-q2 K Z(o,k):Ia-tz
Sin(ts+ T)
~ ‘.W%%%$P
m=l
(for x = c)
.
(B2)
.
and
—
P =fiK’2K
(B3)
RmxnthedefinitionofthezetafunctionZ(@,k)= E(@,k)- ~E F(@,k)
andequations(B2),thecombinationfthefunctionsG(x;y) and G(x;t)
whicharisesintheexpressionforthepressureis
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cKxjY). ?.f@G(x;t).0
For x
termof
near c,thefunctionO(X;~) canbe approximated
equations(B3).
TheFunctionsRelatedtotheIntegralEquation
/
(m)
(y=t)
by thefirst
l?ith.sminterchangeoftheorderofintegrationa d
ofpsrtialfractionsineqmtion(2.11),theintegralon
expressedasthesumoftwointegrals,andthefunction
—
evaluatedas
withtheuse
y canbe
g(~;z(x))is
1
q2-*2
F(e,k’) -t-— zzt2E(13,k’) + — L11(8,cd2,k’)d~
z2-t2 1%Q2
I
where
‘ine=lm
I!romeqpations(Bl)end
whichsrisesintheintegral
k’=+
.
(W), theqw=tityg(g;t(x))+ ‘(e;k’)
equtionfor S(x) canbe e~ressedas
.
(B5)
G(~;t)
.
.
.
.
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.
.
.
dw(x))+*@;t) =-ti[*$*~zv~(k3n)-q’q+E(“)
r[22.qzzz-tz~ I@,a’2,k’) - F(El,k’)-t2 22- 72
1&&F(%k’) (jII+$c#,k dq
-V2 K
andHeuman‘S lambda
Ao((3,k)
function(ref.10)isdefined
[2EF((3,k’)+KE(e,k’)- K=-..fi
(B7)
by therelation
1F(e,k’)
!l?heparameterCL’2is zerofor q = t; then, II(e,o,k’)=F(t3,k’)and
thefunctionH(~;Z(x))is zero.For q >t, theellipticintegxal
II(e,a’zjk’)canbe expressed.intermsofHeurasm!slambdafunctionand
a thetafunctionas
where
[
I
2m (-l)m+lq’m2sin(2mT’)sinh[~(p’-a’~
r(~;~)s F(e,k’)+tan-l ‘=1 I(B9)I1+2m (-l)mg’m2COS(~T’)cosh[~(p’-a’~m=l
.
.
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and
xF(u,k)
a’=~
n F(e,k’)
~l=_ P’ =~KK’ 2 K’ 25 q’= e-~’
Substitutingfrcnneqpations(B2)and(B8)intoequation(B7)jEMJSa
useofthedefinitionsof b(m~k’) ~d z(~~k)~
relationEK’+ E’K- KK’= ~ givethefunction
and using Iegendre’s
H(g;Z(x))as
11H(~;2(x))= [ 1F(f3,k’)F(m,k)- I’(5;7)~qwoE(E;q)t K’K K’ (B1O)—
Forsmallvaluesof 9,thefunctions
approximatedby sine =
m>
thefunctionlf(~;t(x))for x nesr
F(e,k’)and lI(e,a’2,k!) are
.
andfrcxnequations(B7)and (B2),
c becomes
An alterndeformfor x near c isobtainedbymaking
approximateion L ~-l(a tane)+ 0(k’2).II(e,a’2,k’)=a
H(g;l(x))thenbecanes
useofthe
Thefunction
(Bll)
.
.
.
l
7Z
.
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.
APPENDmc
NUMERICALSOLUTIONOF ~ INTEGRALEQUATIONS
FORTKEFUNCTIONSS(x)
me kernelsoftheintegraleqmtions
and Q(x),whichariseinthesolutionfor
for c < cl,areequivalentto thosegiven
wingat angleofattackandforroll. !Che
AND Q(x)
forthefunctionss(x)
thepressuresinregionII
byMirelsfortheflat-plate
integralequationsforthe
cambered&ngs differfromthosefortheflatp~te & intheleft-
handmembers.Sincetheseequationscanbe invertedanalyticallyinthe
neighborhoodf x = c,theinversioningeneralcanonlybe accomplished
by numericalmethods.me numericalmethodof solutionpresentedinthis
appendixisbaseduponthemethoddevelopedinreference5.
Solutionfor S(x)
Lettherangeof integrationbe dividedinto n intervalsof
lengthA andlettheendpointsof theintervalsbe denoted
by Xi ()= c + iA andthemidpointsoftheintervalsby ~ = c + i - *A
where i=O, l,... nandx=~. Theintegralequationfor s(x)
givenby eqyation(2.14)canthenbe expressedas
n
IJ
xi
M(x)=
[
~ Ao(%k)+s(g)2’~— k222(X)
K
i=l ‘i-l }@(x)-@l[22(x)-tq ‘E
Withthenotation
%i ()=tzi -2=1 tiz‘i -—7i2
andwiththeuseofthe.mean-valuetheorem,theintegralequationis
approximatedas
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1
Solvingfor s(~) giveB
(cl)
Thevaluesof S(~l),S(~2),. . . arefoundby successively
settingn=l,2, . . . . Thefunction~(~jg) is regulareverywhere
andvanishesfor ~ = c and k = ~, andtheintegralscanbe evaluated .
by S@son’s ruleorothersuitablemethods.
.
that
tion
Solutionfor Q(x)
Theintegralequation(3.6)canbe solvedby
givenfortheevaluationof S(x).Dividing
c to x into n intervalsgiveseqwtion
thesamemethodas
therangeof integra-
(3.6)as
n
N(x)=
IJ
‘i Q(~)ZZ’
F
22(X)- t’ dE
‘i-1 22(X)- 22i=l
andwiththeuseof themean-valuetheorem,Q(Sn) isdeterminedas
N(xn)
-7Q(%Y-(’== -/-)
Q(%) = *=1 (C2)
m
me valuesQ(Zl),Q(~2)~ l l “ ~e
n =1,2, . . . .
d12n - Zn-lz
obtainedby successivelysetting .
.
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Figurel.- ()ThefunctionS ~ forarrowwingwithquadratictwist.
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Figure2.- The function + forwingwithaileron.
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Figure3.- Roll= aicamnt distributiondue to aileron deflection.
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Figure4.-
g
C!hordnlmepressuredlstrlbutlondue to del?lectionot’an aileron,
